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What is Dynamic Geometry? (DG)

Models built by computer software that can be changed dynamically

@ Dynamic transformation
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What is Dynamic Geometry? (DG)

Models built by computer software that can be changed dynamically

@ Dynamic transformation
Dynamic measurement
Free dragging
Animation

Locus generation
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Numerical Checking: Collinear points

GeoGebra

File Edit “iew Perspectives Options Tools Window Help

A // . I @ 9 . y Move: Drag or select l:‘
bl o TS | Al I Ll * N\ objects (Esc)
Algebra > o % ‘| Graphics T
= Free Objects ;
2 A = (-2.00000000000000, 1.60000000000000)
2 B = (1.24000000000000, 2.50000000000000)
= Dependent Objects 5
@ C = (-0.835415472779370, 1.92349570200573)
@ a: -0.900000000000000x + 3.24000000000000y = 6.98400000000000
A
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Numerical Checking: A parabola |

GeoGebra

File Edit View Perspectives Options Tools Window Help

AU B @ ,Q’;jx|AECj2 D‘
Bisector of C and a?
C
a
Input; | ] @
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Numerical Checking: A parabola Il

GeoGebra
File Edit View Perspectives Options Tools Window Help

AL B ‘./ \ |AEC . D‘
Bisector of C and a?
<
a L[ h .
Input; | - ] @

Botana, Kovacs, Recio, Weitzhofer Implementing theorem proving in GeoGebra



Motivation Dynamic Geometry
Numerical Checking
DG Software

Numerical Checking: A parabola Il

GeoGebra
File Edit View Perspectives Options Tools Window Help

e ‘./

Il B

\|AEC

Bisector of C and'a?

Input; | ] @
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Numerical Checking: A parabola IV

GeoGebra
File Edit View Perspectives Options Tools Window Help

[N 'E) /‘f‘? \' 5m2
IO ] ABC
L d v \./7 * 7 | V|

z

Bisector of C and'a?

m
. ‘\U Point E does not lie on Locus locl
AN (checked numerically)

i AN
il j?_[ o @ GeoGebra - Relation
? S
1
1
1

Input; | ] @
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Numerical Checking: A parabola V

GeoGebra

File Edit View Perspectives Options Tools Window Help

ol [ P N == e

Input; Implicit CurvelF, G, H, 111 )] @
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Numerical Checking: A parabola VI

GeoGebra

File Edit View Perspectives Options Tools Window Help

INeEENEE

Bisector of C and¢'a?

a .
N @ GeoGebra - Relation
‘-‘ (i\ Paint E does not lie an Implicit Curve d
Y (checked numerically)
' N
: N
\nput:‘
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Turning a Dream into Reality

[...] the interaction of such a tool with our method could
provide an intelligent, interactive environment for learning
Euclidean geometry.

[...] Maybe this is too much for a future dream [...]. But

it is, anyhow, a promising research, in our opinion.
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Turning a Dream into Reality

[...] the interaction of such a tool with our method could
provide an intelligent, interactive environment for learning
Euclidean geometry.

[...] Maybe this is too much for a future dream [...]. But
it is, anyhow, a promising research, in our opinion.

T. Recio and M.P. Vélez (1996)
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Automatic Mode
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GeoGebra

/
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Exact checks

in a bounded

Singular
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possible

number of webservice symbolic
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prover
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Command Line Argument

$ java -jar geogebra.jar --proverhelp
--prover=0PTIONS set options for the prover subsystem

where OPTIONS is a comma separated list, formed with the following available settings
(defaults in brackets):

engine:ENGINE set engine (Auto|Recio|Botana|PureSymbolic) [Auto]

timeout :SECS set the maximum time attributed to the prover (in seconds) [5]
fpnevercoll:BOOLEAN assume three free points are never collinear [true] (Botana only)
usefixcoords:BOOLEAN use fix coordinates for the first points [true] (Botana only)
singularWs:BOOLEAN use Singular WebService when possible [true]

singularWSremoteURL:URL  set the remote server URL for Singular WebService
[http://ggbl.idm. jku.at:8085/]
singularWStimeout :SECS set the timeout for SingularWebService [5]

Example: --prover=engine:Botana,timeout:10,fpnevercoll:false

GeoGebra
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@ Proving via Singular WebService
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Theoretical Background

Hilbert's Strong Nullstellensatz (1893)
Rabinowitsch’s Trick (1929)
Grobner bases, Buchberger's Algorithm (1965)

Geometry theorem proving: Kapur, Kutzler, Stifter, Chou
(1986-1988)

Botana, Kovacs, Recio, Weitzhofer Implementing theorem proving in GeoGebra



Automatic Mode
Decision Mechanism SingularWs
Recio’s method

Theoretical Background

Hilbert's Strong Nullstellensatz (1893)
Rabinowitsch’s Trick (1929)
Grobner bases, Buchberger's Algorithm (1965)

Geometry theorem proving: Kapur, Kutzler, Stifter, Chou
(1986-1988)

o Faugére's F5 Algorithm (2002)
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Technical Background |

@ GeoGebra platform, Java (2002-)
@ Apache HTTP server (1995-)

@ Varnish HTTP cache (2006-)

o PHP (1995-)
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Technical Background |

GeoGebra platform, Java (2002-)
Apache HTTP server (1995-)

Varnish HTTP cache (2006-)

PHP (1995-)

Singular, Univ. of Kaiserslautern (1984-)
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Technical Background Il

Remote (virtual) server

Varnish
HTTP cache

GeoGebra workstation

Apache HTTP server

Internet
(Intranet)
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Technical Background Il

Remote (virtual) server

Varnish
HTTP cache

GeoGebra workstation

Apache HTTP server

Internet
(Intranet)

Singular CAS
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Set up the Equation System

Hypotheses
@ Collect parent points in-depth

o Set up variable pairs (x;,y;)
@ Collect parent objects

e Set up polynomials
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Set up the Equation System

Hypotheses

@ Collect parent points in-depth
o Set up variable pairs (x;,y;)

@ Collect parent objects

Negated thesis

e Set up polynomials

@ Set up polynomials

o Rabinowitsch’s
trick for one of
them
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Set up the Equation System

Automatic Mode
SingularWs
Recio’s method

Hypotheses

@ Collect parent points in-depth
o Set up variable pairs (x;,y;)
@ Collect parent objects

e Set up polynomials

Negated thesis

@ Set up polynomials

NDG conditions o Rabinowitsch’s

@ Assume no sets of three free
points are collinear

trick for one of
them

Botana, Kovacs, Recio, Weitzhofer

Implementing theorem proving in GeoGebra



Decision Mechanism

Set up the Equation System
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Hypotheses Fixed points

@ Collect parent points in-depth
o Set up variable pairs (x;,y;)
@ Collect parent objects

e Set up polynomials

o (x1,y1)+ (0,0)
o (x2,y2)+ (0,1)

Negated thesis

@ Set up polynomials

NDG conditions o Rabinowitsch’s

@ Assume no sets of three free
points are collinear

trick for one of
them
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Example: The Midline of a Triangle is Parallel to a Side |

File Edit View Perspectives Options Tools Window Help
C R | 4 o4
AR (el o] [£]: ‘
- Algebra o ~ Graphics o=
= Point
2 A=(-3.36,1.1)
9B 2.72, 1.5)
@C -0.36, 4.94)
@ D=(.18, 3.22)
@ E =(-1.86, 3.02)
= Segment
@ a=462
@ b=487
P @ c-6.09
@ d=3.05
= Triangle
@ polyl =11.07
Input: Provelc|d] ‘ @
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Example: The Midline of a Triangle is Parallel to a Side Il

Hypotheses

@ Collect parent points in-depth

o D(vi,v2), B(vs,va),
C(vs,v6), E(v7,vg), A(vo,vi0)

@ Collect parent objects

0 2vi —Vv3—V5,2Vo — V4 — Vg
@ 2v7; — V5 — Vg, 2Vg — Vg — V1o
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Example: The Midline of a Triangle is Parallel to a Side Il

Hypotheses

@ Collect parent points in-depth

o D(vi,v2), B(vs,va),
C(vs,v6), E(v7,vg), A(vo,vi0)

@ Collect parent objects Negated thesis
0 2vi —Vv3—V5,2Vo — V4 — Vg ° V12((V9_V3)‘(V8_
° 2v7 —v5— vo,2vg — Vg — V1o vo) — (vio — va) -
(vv—w1))—1
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Example: The Midline of a Triangle is Parallel to a Side Il

Hypotheses

@ Collect parent points in-depth

o D(vi,v2), B(vs,va),
C(vs,v6), E(v7,vg), A(vo,vi0)

@ Collect parent objects Negated thesis
0 2vi —Vv3—V5,2Vo — V4 — Vg ° V12((V9_V3)‘(V8_
° 2v7 —v5— vo,2vg — Vg — V1o vo) — (vio — va) -
(vv—w1))—1

NDG conditions

o vi1(vgve — vova — vigVs + V4 Vs +
v3vip — Vev3) — 1
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Example: The Midline of a Triangle is Parallel to a Side Il

Hypothess

@ Collect parent points in-depth o (v5,v6) — (0,0)

o D(v1,v2), B(vs,vs), o (v3,vs)— (0,1)
C(vs,v6), E(v7,vg), A(vo,Vv10)

@ Collect parent objects Negated thesis

0 2vi —Vv3—V5,2Vo — V4 — Vg ° V12((V9_V3)‘(V8_
° 2v7 —v5— vo,2vg — Vg — V1o vo) — (vio — va) -
(vv—w1))—1

NDG conditions

o vi1(vgve — vova — vigVs + V4 Vs +
v3vip — Vev3) — 1
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Example: The Midline of a Triangle is Parallel to a Side Ill

ring r=0, (v1,v2,v3,v4,v5,v6,v7,v8,v9,v10,v11,v12),dp;
ideal i=
-1xy5+-1%y3+2*vl,
-1*xv6+-1%v4+2%v2,
-1*%v9+2%v7+-1%v5,
-1xv10+2*v8+-1*v6,
-1+v11*vIO*xv6+-1%v11*v10*vbE+-1%v11*xvI*v4
+v11*xv5*v4+v11*v10*v3+-1*%xv11*xv6*v3,
-1+v12%vO*xv8+-1%xv12*%v10*v7+v12*%v7*xv4d+-1%v12*%v8*v3
+-1%xv12%xvI*xv2+v12*xv3*xv2+v12*xv10*xv1+-1xv12%xv4*xv];
i=subst(i,v3,0,v4,1,v5,0,v6,0);
groebner (i) !'=1;
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© Decision Mechanism in GeoGebra

@ Proving via exact checks
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Proving via Exact Checks |

@ Many statements can be expressed by a polynomial.

p =0 & statement is true
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Proving via Exact Checks |

@ Many statements can be expressed by a polynomial.
p =0 & statement is true

@ Calculating the polynomial - expensive.
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Proving via Exact Checks |

@ Many statements can be expressed by a polynomial.
p =0 & statement is true

@ Calculating the polynomial - expensive.

@ Statement holds on fixed coordinates - cheap.
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Proving via Exact Checks |

@ Many statements can be expressed by a polynomial.
p =0 & statement is true

@ Calculating the polynomial - expensive.

@ Statement holds on fixed coordinates - cheap.

@ Upper bound for degree of p - cheap.
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Proving via Exact Checks |

Basic idea
pER[x,...,xn]:

Il <l

Rn
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Proving via Exact Checks (2d Case) |

Bézout's theorem

Let X and Y be plane projective algebraic curves which do not
have a component in common.

# {intersection points(X, Y)} < deg X -degVY
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Proving via Exact Checks (2d Case) Il

Using Bézout's theorem

For p € R[x1,x2], V(p) is a plane projective algebraic curve, or if
p =0, the whole plane.

The number of intersection points of a line with the curve cannot
be greater than the degree d of p, or the line and the curve have a
component in common.
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Proving via Exact Checks (2d Case) Il

Using Bézout's theorem

For p € R[x1,x2], V(p) is a plane projective algebraic curve, or if
p =0, the whole plane.

The number of intersection points of a line with the curve cannot
be greater than the degree d of p, or the line and the curve have a
component in common.

@ A line consists only of one component.
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Proving via Exact Checks (2d Case) Il

Using Bézout's theorem

For p € R[x1,x2], V(p) is a plane projective algebraic curve, or if
p =0, the whole plane.

The number of intersection points of a line with the curve cannot
be greater than the degree d of p, or the line and the curve have a
component in common.

@ A line consists only of one component.

@ If the curve contains more than d points in a line, it contains
the whole line.
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Proving via Exact Checks (2d Case) Il

Consequences

@ The union of d+1 distinct lines is a variety of degree d + 1.
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Proving via Exact Checks (2d Case) Il

Consequences
@ The union of d+1 distinct lines is a variety of degree d + 1.
o If the variety V(p) of degree less than d contains d +1
distinct lines, it cannot be an algebraic curve. It has to be the
whole plane = p=0.
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Proving via Exact Checks (2d Case) IV

For p € R[xy,x2], the variety V(p) is a plane projective algebraic
curve or the whole plane.

@ If the variety contains d + 1 collinear points, it contains the
whole line.

@ If the variety contains d + 1 different lines, it cannot be a
curve, but has to be the whole plane.
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Proving via Exact Checks (2d Case) V

A possible arrangement

One possibility of d +1
points on each of d +1
lines:

Take d +2 lines in
general position and use
the

= (2")

intersection points.
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Proving via Exact Checks (2d Case) VI

Algorithm 1

Input:

@ An upper limit d for the degree of an unknown polynomial p.

@ A method to test whether p[x,y] evaluates to zero or not.
Output:

o True if p=0, false otherwise.
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Proving via Exact Checks (2d Case) VII

Algorithm 1
© Choose d +2 lines in general position.

@ Get all the intersection points of the lines.

© |If for each point p evaluates to zero return true,
else return false.
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Proving via Exact Checks IlI

Algorithm 2

Input:

@ A construction and a statement which can be expressed with a
polynomial equation.

@ A method to test if the statement holds for some fixed points.
Output:
o True if the statement is generally true, false otherwise.
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Proving via Exact Checks IV

Algorithm 2

@ Fix two points (optional).

@ Find the number of free variables of the statement.
© Find an upper bound for the degree of the statement.
(%)

Use algorithm 1 to test if the describing polynomial is
constantly zero.
Return true if it is constantly zero, false otherwise.
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Example

m
lw)
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Example

(X1:X5,1)
re2
b
E D ,
d
(0,1,0) B
(0,0,1) ¢ (1,0,1)
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Recio’s method

Example

(X1:X5,1)
X 1C2
b
E D ,
d
Y (0,1,0) g ©
(0,0,1) <o (L,0,1)
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Automatic Mode
Decision Mechanism SingularWs
Recio’s method

Example

(X1:X5,1)
X 1C2
1 E D a
= 1
Y (0,1,0) g ©
(0,0,1) co (1,0,1)
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Automatic Mode
Decision Mechanism SingularWs
Recio’s method

Example

(X1:X5,1)
X 1C2
b
12 E D1 a
Xxpr2) d Ry +1,x2,2)
(0,1,0) g ©
(0,0,1) co (1,0,1)
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Automatic Mode
Decision Mechanism SingularWs
Recio’s method

Example

(X1:X5,1)
X 1C2
b
12 E D1 a
X 15X,
Xxpr2) 02 R +1,x2,2)
(0,1,0) g ©
(0,0,1) co (1,0,1)
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Automatic Mode

Decision Mechanism SingularWs
Recio’s method

Example

(X1:X5,1)
1.C
b
1 E (0,2,-x2) D .,
X15X5,2 1
X1x2:2) d2 Ry +1,x2,2)
(0,1,0) g ©
<o (1,0,1)

(0,0,1)
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Automatic Mode

Decision Mechanism SingularWs
Recio’s method

Example

;xl,é(z,l)
) Deg. statement:
D N2, deg (d) +deg <) =2
72 d2 (R +1,x2,2)
Nr. of evaluations:
242\ _
(5°) =6
0 (0,1,0) g ©
<o (1,0,1)

(0,0,1)
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Benchmarking
Conclusions

Summary

Benchmarking Results |

Prover benchmark for GeoGebra 4.1.90.0 (r17932)

on 2012-06-08 22:57 at kovzol-dell

oo Auto Recio SingularWs PureSymbolic
Result |Speed| Result [Speed| Result |Speed| Result |Speed
foot-exists.ggb undefined| 32 |undefined) 5 |undefined| 16 |undefined| 20
lines-parallel.ggb false 12 false 11 false 168 false 8
points-collinear.ggb false 8 false 10 false 98 false 7
points-equal.ggb false 17 false 23 false 207 false 21
bisector-midpoint.ggb true 12 true 11 true 160 true 18
centroid-median-ratio.ggb true 55 |undefined true 61 |undefined| 3
circumcenter1.ggb true 10 true 15 true 49 true 40
circumcenter2.ggb true 15 true 16 true 44 true 38
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Benchmarking

Conclusions
Summary

Benchmarking Results I

circumeenter5.ggb true 58 |undefined| 8 true 71 |undefined| 4
defline-perpline-perpline.ggb true 10 true 11 true 93 true 7
def-points-on-a-circle1.ggb true 81 |undefined 7 true 77 |undefined| 5
def-points-on-a-circle2.ggb true 101 |undefined| 4 true 103 |undefined
def-points-on-a-line.ggb true 11 true 10 true 113 true 18
Desargues.ggb true 2730 true 2798 | false 156 true 59372
EulerLine.ggb true 20 true 25 true 68 true 920
line-circle-intersection.ggb true 45 |undefined| & true 221 \undefined| 9
nine-points-circle.ggb true 50 true 43 true a3 true 16347
orthocenter1.ggb true 15 true 17 true 51 true 147
orthocenter2.ggb true 13 true 12 true 283 true 13
orthocenter3.agb true 15 true 11 true 62 true 36
orthocenterd.ggb true 13 true 14 true €9 true 38
orthocenter5.ggb true 20 true 20 true 397 true 80
orthocenter6.ggb true 18 true 18 true 47 true 42
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Benchmarking

Conclusions
Summary

Benchmarking Results Il

|QOIIII‘EQUHI.QQD urue £3 rue LL wue 11 rue £3
regular-triangle.ggb true 228 |undefined 6 true 52 |undefined| 5
Simson1.ggb false |23711|undefined 6 false |22725 undefined| 6
Simson2.ggb false |20870 |undefined 6 false | 12805 undefined| 5
Thales1.ggb true 66 |undefined 7 true 55 |undefined| 3
Thales2.ggb false 75 |undefined| 3 false 99 |undefined| 3
Thales3.ggb true 60 |undefined 7 true 47 undefined| 4
triangle-medians.ggb true 11 true 16 true 76 true 47
|lriangle-midsegment1‘ggb true 7 true 10 true 45 true 15
|lriangle-midsegment2‘ggb true 13 true 13 true a9 true 13
|lriangle-midsegment:iggb true 12 true 12 true 84 true 15
|lriangle-midsegmentiggb true 12 true 12 true 7 true 10
|lriangle-midsegmentslggb true 17 true 14 true 50 true 14
true.ggb true 1 true 1 true 2 true 1
Varignon.ggb true 17 true 17 true 45 true 15
Summary (of 43) 39 31 38 3
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Conclusions

e Prove|[ <Boolean Expression>] and
ProveDetails| <Boolean Expression> |
commands in GeoGebra 5 (2013)

o live demo available at
http://www.geogebra.org/web/web_gui

@ Relation Tool: numerical — symbolic
@ Computer Aided Assessment

e automatic check of open ended exercises in Euclidean geometry
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